DOU3NKO-MATEMATUYECKHUE HAYKH

«HAYKA. UHHOBALUW. TEXHOJIOTUWU», N2 3, 2017

YOK 519.65 KopHeeB [1.K. [Korneev P.K.]
XKypasneBa WU.A. [Juravleva |.A.]
HenpetumosBa E.B. [Nepretimova E.V.]
MapkoB A.B. [Gladkov A.V.]
Narnn A.M. [Lyagin A.M.]

NMPEO®PAKTAIIbI KAK UCTOYHUK
HOBbIX APOBHO-PALUIMOHAJIbHbIX
NMPUBNTMXEHU ®YHKLUWUNA, UMEIOLLIUX
®PAKTAIIbHOE NPEACTABJIEHUE

Prefractal as the source of new rational approxi-
mations of functions with a fractal representation.

CtaTbsa nocBsillieHa akTyarnbHON npobfieme YyCKOPEeHUS CXOAMMOCTU MHO-
FOYNEHHbIX U APOBHO-paLMOHanbHbIX NPUONMKEHNU DyHKLUMIA. B Teopun npnbnmxkeHns dyHKUWI
4acTo UCMOMNb3yeTCst UAES YMEHbLUEHUSI UHTEPBana U3MeHeH1sl apryMmeHTa kak MeTofa yCKopeHust
CXOAMMOCTM CTEMEHHbIX U APOBHO-paLMOHanbHbIX NPUONKEHWIA, annpOKCUMUPYIOLLMX AaHHY0
dyHKUMt0. B cTaTbe, MCnonb3ys 3Ty MAet, cHavana Ans AaHHOW yHKLMU CTPOUTCS BETBALLASACS
uenHas Apobb, BETBIMU KOTOPON SABNSAOTCA MO0 yHKUMOHanNbHble psgbl, Mbo dyHKUMOHanb-
Hble LienHble Apobu. B aTom cnyyae BeTBALWascs LenHas Apobb, npeacTaBnsioLwas cobom gaHHyo
dyHKUMIO, ABNAETCS hpakTanoMm n OQHOBPEMEHHO CXXUMAET UHTepBan U3MEHEHUs aprymMeHTa B
2k(k =1, 2, ...) pas, rae 2 — yicno BeTBel BeTBsILLENCs LenHon apobu. To ecTb BbluMCEHUe
OaHHON (DYHKLMM B TOYKE X CBOAMUTCS K BbIYMCIIEHWSIM B TOYKE X/2X, 4TO eCTECTBEHHO W BreyeTt
YCKOPEHWE CXOAMMOCTW CTEMEHHbIX U APOGHO-paumMoHanbHbIX NpubnmkeHuid. Ons noctpoeHus
HOBbIX APOBHO-paLMoOHanbHbIX NPUBNVKEHUI BETBSALLAACA LenHasa Apobb (ppaktan) 3ameHsieTca
npeadpakTanomMm — BETBSLLENCS LernHon Apobblo C KOHEYHBIM YMCIOM 3BEHbEB. 3a4echb Kaxaoe
3BEHO 3aMeHSIeTCA MHOro4nieHoM nMMBo KOHEYHOW LienHoM Apobbio. B pesynsrate MOXHO NonyyvTb
CKOSb YrOAHO MHOTO pauMoHasibHbIX MPUONKEHNIA.

The Atrticle is devoted to the problem of accelerating the convergence of
polynomial and rational approximations of functions. In the theory of approximation of functions
often used the idea of reducing the interval change in the argument as a method to accelerate the
convergence of exponential and rational approximations, approximating this function. In this article,
using this idea, a first for this function builds a branching continued fraction, whose branches are
either functional series, functional or chain fractions. In this case, the branching continued fraction
representing this function is a fractal and at the same time compresses the range of variation of the
argument in 2% (k =1, 2, ...) time, where 2% is the number of branches of the branched chain frac-
tion. That is, the computation of this function at the point x is to compute x/2%, which is natural and
leads to acceleration of convergence of exponential and rational approximations. To build a new
rational approximations of branching continued fraction (fractal) is replaced by prefractals — chain-
branching fraction with a finite number of links. Here each link is replaced by the polynomial finite
chain fraction. In the result, we can obtain arbitrarily many rational approximations.

KnioueBble crnoBa: annpokcumauusi, yHKUMOHamNbHbIe Psabl, LenHble

npobu, dpakTansl, CXOAMMOCTb.

Key words: approximation, functional series, continued fractions, fractals,

convergence.

BBepeHue

B craresax [4, 5, 6] momydeHbl pa3nokeHUs] TPUTOHOMETpHUYeC-
KHX, THIIepOOINYeCKNX 1 TIOKa3aTeIbHON (DYHKIIMHA B BETBSIINECS LEIHBIE JIPO-
Ou ¢ KOHEYHBIM M OECKOHEYHBIM YMCIIOM BeTBel. [lokazaHo Tak ke, 4TO BETBS-
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myecs LenHble Apo0u ¢ GECKOHEUHBIM YHCIIOM BETBEH SBISAIOTCS (pakTaiaMiu,
a COOTBETCTBEHHO BETBSIIIIMECS LIEMHBIE APOOM C KOHEYHBIM YHCIOM BETBEHl —
npeappaxTabl.

HcTounnkamu momydeHns ApoOHO-paiMOHAIBHBIX TPUOMKeHUH QyHKINiI
OITHOTO TIEPEMEHHOTO SIBIISTIOTCST (DyHKITMOHATBHBIC IeMHbIe apobu [1], Tabmuia
[Mage [2], Hammy4mue TpoOHO-palMoHaNbHBIC TpuOIkeHus [3] u ap. B cratse
[7], ncronw3yst mpendpakransl (GpakTambHOrO IpeAcTaBiIeHUus (QYyHKIHA (g(X),
MOCTPOEHBl HOBBIE APOOHO-pAIlMOHANBHBIE MPHOIMKEHUS STOH (QYHKIMHA U
MIPUBEICHBI OLICHKH OCTAaTOYHBIX YJICHOB.

MocTraHoBKa 3apgaumn

31mech OMYYUM HOBEIE TPOOHO-PAMOHANBHBIC TPUOIIKEHIS
s GyHKIuH ) = sh(x) Ha otpeske [0; /4] 1 OLIEHKH WX OCTATOYHBIX WICHOB, HC-
noJB3ys npeadpaxTanbl GpakTaTbHOTO IPEICTABICHHS (YHKIIUH.

MeTopgonorua u meToAabl UCCriefoOBaHUA

OCHOBHBIMHU METOAAMH JIJIs1 BEIYUCICHUS (PYHKIIUN Ha KOMIIBIO-
Tepe SABJIIOTCS: CTETICHHBIC PA3JIOKEHUS, PAlIMOHAbHBIC IPUOTMKESHUS, Pa3IoKe-
HUS B IICTHBIE TPOOH, UTEPATUBHBIC TIPOIECCHL U IPYTHE.

1. B nampHeimeM HaMm MOHAMOOATCS CIEAYIOMIHE Pa3IOKEHHS
¢ynkomii [1, 3]:
o 2k (2241( _1) s
th(x)=) ———2-B,,-x"",
=2, Qky 7

k=1

T
— 1
x\<2, )

e By — yucia beprymny;

2

2 2
hx=r T X : i <Z; )
1+ 3+ 5+...+2k+1+... 2
0 2k+1
=) o |x| <o 3
&2k +1)! X< )
3 2 2 2
3 11 25
shx=x+x— LAl al al “4)

31—10 + 42 — 66 +...

Psgy (3) coOTBETCTBYeT MOCIEIOBATEIbHOCTh YAaCTHYHBIX
CyMM (TSHIIOPOBCKUX MHOTOUICHOB) U OIICHOK HOPM WX IIOT-
pelHoCTe:

R(x) =x,
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P3(x)=x+x?j, ||r3||c[0;ﬂ <2.53-107%;
P(x) = x+;+;j .7, [ }<3 69-107%; (5)
E(x):x+%+x?j+x77!, ||r7||c{o;ﬂ<3.16-10'7;
P(x)= x+§+?j x77!+x9 Iz <177:107

M TaK Jianee.

Ienno#t apobu (4) COOTBETCTBYET IOCIIEAOBATEIEHOCTE €€
MTOJIXOJSIIIINX IPOOEH U OIIEHOK HOPM HX IOTPEITHOCTEH:

0 ="

0,(x) —f ||r2||c[0;ﬂ <2.53-107;
@()—f fi %g, [ilejoz) 424107 o)
0,(x) = x3 31):) :i’;, ||r4||c[0;ﬂ<2.31.10_7;
0,(x) ="+ x3 31’60:‘1‘; 22—22, lo1<1.75-10°

M TaK Jianee.

2. Temepp mns GyHKIHH y = sh(x) MOCTPOUM e¢ (paKTaTbHOE
Npe/ICTaBICHHE.

Bo3sMem n3zBecTHOE npeo6pasoBaHHe

X
- 2th5 (th* X/ # 1) (7)
SN(x) =
1-th* %
2
U IpeacTaBuM €10 B BUIEC
-2
sh(x)=——— .
w1 ®
2 m
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Ecnu BMecTo dyHKImu y = th X/, IOACTaBUTH ee pa3ioKeHue B
LEMHYI0 Ipo0b, TO MOIyYUM pas3iokeHne GyHKIUH ) = s/(X) B BETBALIYIOCS IIETI-
HYIO pO0B C IBYMSI BETBSIMH:

-2
= ©)
sh(x) . - ] ,
2
z z
1+ 5 2

3+ z 1+ 2

5+, 342

X
e z =—.
Ecnu s byskuun y = th X/, BOCIONIB30BaThCsI PABEHCTBOM

hx=—— 2t (10)

TO st PYHKITUH Y = sA(X) TIOTYIUM CIIEAYIOIIEe MPeICTaBICHHUE:

-2
sh(x) = 7 ] (11)
thf+ ! 2 ]
mr i
o
4

Ecnu BMecto dynkuun th /4 B npencrasienun (11) moxcra-
BUTD €€ PA3JIOKCHUE B LICIHYIO APOOb (2), TO MOIYyIUM pa3sioxKeHHe s/(x) B BETBS-
LIyIOCS LIETTHYIO IpOOb € YEThIPbMS BETBIMH:

sh(x) =

- (12)
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X
me z = —.

Ecnu Bocrione3oBatsest paBeHcTBOM (10), TO A1t paznoxenus (12) momyuum
ClIellyIolIee IPEACTABICHUE:

-2
sh(x) = 3 I
2 L1
PRI 2 1 2 o ; (13)
& m* i mrs 1
8 mx h> th£+—x
8 8 4%
8

Ecmu Bmecto ¢ynkuun th*¥g B mnpencraBiennn (13) moxcraButh ee
pas3noXkeHue B LEMHYI0 po0b, TO MOJTYYUM Pa3iokeHHe y = sh(x) B BETBAILYIOCS
HEMTHYI0 IPOOb C BOCEMbIO BETBSMH:

sh(x)=——2 —, (14)
R(z)-
R(2)
rae
-2
R(z)= . 1 ,
z a 2
r z z
zZ
1+ 5 3 3 +
R VI RS T
5+, 342 342 1+ =
' 5+, 5+, 3+
) 5+,
¥ :
z=—.
8

IIpouecc «pa3MHOKEeHUS» BeTBe npeactasieHus (14) MOKHO MPOJOIKUTE,
B pe3yJbTaTe Yero MOJIy4YrUM CKOJIb YTOJTHO MHOTO pa3jiokeHUH GyHKIUH y = sh(x)
B BETBAIIMECS IIETHbIE APOOH, B KOTOPHIX APTYMEHT UMeeT BUM X/2k, a 2F — umciio
BerBeit (k=1,2,3,...).

Bce aTr paznoxxeHust 0071a/1al0T CBOWCTBOM: Ka)K/10€ M3 HUX ITePBOHAYAIIHHBIH
0Tpe30K u3MeHeHus1 aprymenta [0, a] cxumaer B 2f(k = 1, 2, ...) pas, To ecTh
IIEPBOHAYAIBHBII OTPE30K M3MECHEHMs apryMeHTa OTOOpakaeTcs Ha OTPE30K

[0,4/24].
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Ecnu nonoxuts k = oo, T0 B pa3nokeHun QyHKuuu y = sh(x) OyaeM UMeThb
2k BeTBeid, TO €CTh MOIYYNM MHOKECTBO BETBEIl MOLIIHOCTH KOHTHHYYMa; APYTUMHU
CJIOBaMH, TIOJTyYUM LIEJIO€ «JIEPEBOY» BETBEH

sh(x) = —2 " (16)

R(l‘h ij _ #
2 R(th ;j
e R(th x/zk) — 9TO B 00IIEM CITyYae BETBAIIAACS IeTHast 1poOk ¢ 24! BeTBIMHU.

B sToM nepeBe BeTBeil BelienuM 0a30ByI0 popmy

- (17)
1 17
R R
(Z ) R(Z)
e R(z)-— Takas e 1o (¢popme KOHCTPYKIHUA Kak u (16), HO KaxIbli pa3

B IpOIleCcCe Pa3MHOKEHHsI BETBEH C YMEHBIIAONMMCS B 2 pasa
3HaUEHHEM apryMeHTa, TO €CTh

z=— (k=12,)
2

bazoBas hopma (17) moBrOopsieTcss OECKOHEUHO CO BCE YMEHbB-
NIAIONIMMCSI 3HaY€HHEM apryMeHTa, TO €CTh MHOXXECTBO BETBEH IPEACTaBICHUS
(16) sBisiercs ppakraiaom [8]. Torma MHOKECTBO MPABBIX YaCTEH MpeACTaBICHUI
(9), (12), (14) — npeadpakTabl.

[pendpakran (9) mpuUMEHHM Ui TMOCTPOSHHUS APOOHO-paIlMOHATBHBIX

npubmkeHnit GyHKIMK y = sh(x). [y aToro npendpaxrai npecTaBuM B BUJE:

) X
sh(x) = — =y
I'(z)-
T(z)
e 1(z) - TernopoBckuid psx (1) wiu memHas apoos (2).

3amensas 7(z) TEHIOPOBCKMMHM MHOTOWICHAMH (4aCTUYHBIMHU
cymmamu psza (1)), momydnm creayromue ApoOHO-paliioHaIbHbIE PUOINKEHUS
Ut QYHKIUH Y = sh(x)

__2R()
PO ey
spy(2) =22 2 ||[ }<37 107

1-P(2)’
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_25(2) s,
sps(2)=1- =Tt 2 ||{ }<23 10
2P, 5
PR =" PE?) I ||[ A<Ls10

n TakK gaJiee.

3ameHss Tenepb 1(z) MOIXOMAIIMMU APOOSIMHU LIETHON ApoOH (2), TOTyIHM
CIEyIoNre APOOHO-PAIMOHANbHEIE TPUOMIKEHUS TSI PyHKIUH ) = sh(X):

sd&z)z%, I ||[ }<6 1072

sdy(z) = % ||r2||c[0;ﬂ <5.7-107%
sd3(z)=%, I ||{ }<25 10°;
sd4(z)=%, I ||[ }<61 107
sds(z):%, I ||{ }<94 107

3. BoseMmemM Teneps npendpakran (11) wiu (12) ¢ 9eTsIpbMs BET-

BAMHU
2 b
sh(x)=—— — =§
T(z)+ 2
U O
T(2)
e  T(z)- TernopoBckuid psx (1) win remHas qpoos (2).

3amenssa 7(z) TEHIOPOBCKMMU MHOTOUYJICHAMH (YaCTHYHBIMH
cymmamu psiza (1)), monyuum clienyromue IpoOHO-pallioOHaIbHbIC TPHOIMKEHUSI
Ui QyHKIUH Y = sh(x):

AR(z)-(1+ R’ =)

hP(z) = —L 1.3-107%;
Oy Il
shP,(z) = 4P3(Z)'(12+ sz(z)) I7].f, [ }<2 2-107%;
(1-F£(2)
_4PR(2)-(1+ P () -
shP,(z) = (@) .7, do }<33 107 (18)
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4P,(2)-(1+ P} (2))
(1- B (2))’
4B,(2)- (1+ B3 (2)
(- B (2))’

ShP,(2) =  lozy <5:2-107

shP,(z) = , ||r9||c[0;£} <8.1:107"
4

" TakK Jajiec.

3amenss tenepb 7(z) MOAXOMANAMHU IPOOSMHU LIEITHON ApoOou
(2), monyuum creayromnue IpoOHO-pallMOHANBHBIC TPUONMKEHUS U (DYHKIHH

y = sh(x):

40/(2)-(1+ 0] (2)
(1-0/ (=)’
40,(2)-(1+05(2))
(1-0;(2))
40,(2)-(1+ 05 (2))
(1-0:(2))’
40,(2)-(1+0;(2))
(1-0;(2))’

_4Q5(Z)'(1+Q52(Z)) 1015
shQs(z) = 0@y ||r5||c[0;ﬂ <9.0-10

shQ,(2) = il <1210

shQ,(z) = , ||r2||c[0;ﬂ <3.5-107;

shQy(z) = , ||r3||c[0;ﬂ <39-10%; (19

shQ,(z) = ’ ||r4"c[o;ﬂ <2410

" TakK Jajieec.

O6cyxpeHue pe3ynbTaroB UCcrnenoBaHusa

IIpoBeneHHbIe BBIYMCIUTEIbHBIE SKCIIEPUMEHTHI MMOKa3bIBAIOT
CIEIYIOIINE PE3YIBTATHL: B IpeadpaKkTanaX BETBU MOXKHO C YCTIEXOM aIllPOKCHMU-
poBaTh Kak TEHIOPOBCKUMH MHOTOWIEHAMH, TaK M MOJIXOASIIUMU IIEMTHBIMH JPO-
OsIMIF; aHAITU3 OIICHOK HOPM OCTaTOYHBIX WICHOB MPHOIMKCHUN OTIACT TPEIITov-
TEHHUE aIIPOKCUMAIIMK BeTBEeU NpeAdpakTanoB (GyHKIIHOHATHHBIM IICITHBIM JIPO-
0stm (cmotpu (18), (19)).

Cremyer Tak k€ OTMETHTB, UTO C YBEIMYCHHEM YHCJIa 3BEHBEB IpeadpaKTaia

Ka4eCTBO alMpOKCUMaLUi 3HAYUTENIBHO yAyUlIaeTCs.

BbiBOAbI

[Ipomecc momy4eHns: HOBBIX IPOOHO-PAMOHANBHBIX HMPUOIH-
KeHuH 1151 pyHKIUY y = sh(x) Ha oTpeske [0; /4] MOXKHO TTPOITOJDKUTH KaK YTOIHO
naneko. [Ipu 5ToM OlleHKH HOPM OCTaTOYHBIX YICHOB MPHOIMKEHUH 3HAUUTEITHHO
YMEHBILAIOTCS, TO €CTh KAYECTBO alMPOKCUMAIIUI TOJIBKO YAyUIIaeTCs.
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